We present the first-order D = 4, N = 1 supergravity action including the Weyl transformation can be obtained alternatively by gauging the Maxwell-Weyl superalgebra which contains two Majorana fermionic charges. The corresponding four-form lagrangian is constructed only by using the curvatures of the algebra.
I. INTRODUCTION
The Maxwell symmetry is known as filling the Minkowski space-time with uniformly constant EM field [1, 2] . Thus, this symmetry causes to modify the Poincaré symmetrie which describes the empty Minkowski space-time, and the translation generators P a no longer abelian but satisfy [3] ,
where Z ab is a antisymmetric generators and behave like a tensor under the Lorentz transformation. The early studies interpret the background field as EM field but it is changeable. According to the papers [4] [5] [6] [7] , the cosmological constant is derived alternatively by using the Maxwell algebra. In other words, the cosmological constant can be described by the new additional background field. This is important, because the studies on the cosmological constant, the dark energy and the cosmic microwave background tell us that there should be a background field filling our space-time. We know that there is a close connection between cosmological constant and dark energy [8, 9] , so the Maxwell symmetries provide a powerful geometrical framework for these significant topics. Furthermore, the minimal supersymmetric extension of the Maxwell algebra was derived in [10] by adding two spinor generators with Majorana characteristics. Then, the generalization of the Maxwell (super)algebras was studied in [11, 12] . In the paper [13] , the authors derived the first order D = 4, N = 1 pure supergravity lagrangian four-form by using the curvatures of the Maxwell superalgebra. Subsequently it is presented in [14, 15] , a supergravity action containing generalized supersymmetric cosmological constant was consturcted based on the Maxwell superalgebras. Recent developments and some interesting studies about the Maxwell (super)algebras can be found in [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
The Weyl enlargement of the Maxwell algebra, which named as the Maxwell-Weyl algebra MW, and its supersymmetric extension sMW was firstly presented in [18] . In our earlier work, we constructed a gauge theory of gravity based on MW and obtained the generalized Einstein equation with cosmological constant [7] . The main purpose of this letter is to establish a gauge theory of gravity based on sMW and to find the first-order D = 4, N = 1 supergravity lagrangian which is also invariant under scale transformation.
In this way, the paper organised as follows. In Section 2, we give a brief summary of the MW algebra and its gravity action. In Section 3, we introduce sMW algebra and obtain transformation of the gauge fields, the curvatures and the Bianchi identities of the algebra. In Section 4, the supergravity action which include the Weyl transformations is constructed by using the curvatures of sMW algebra. In Section 5, we conclude the paper with some comments. In the last section, our notations and conventions are given.
II. MAXWELL-WEYL ALGEBRA AND THE GRAVITY ACTION
The gauge theories of gravity based on the Weyl group were studied in [27] [28] [29] [30] [31] [32] . In this section, we briefly give the results of our previous study [7] . The Maxwell-Weyl algebra MW can be seen as Weyl enlargement of Maxwell algebra with dilatation generator [18] . The non-zero commutation relations of MW algebra are given by,
where η ab is the Minkowski metric which have diag (η ab ) = (+, −, −, −) and the indices a, b, ... = 0, ..., 3. In addition to the Weyl algebra, this algebra contains six new additional tensorial generators Z ab . In order to construct gauge theory of gravity based on MW algebra, we firstly introduce following one-form gauge field with,
where e a (x), B ab (x), χ (x) and ω ab (x) are the one form gauge fields of corresponding generators. Using the structure equation
[A, A] and defining the curvatures as
R ab M ab we find the associated two-form curvatures as,
The infinitesimal gauge transformation of the curvatures can be found by introducing the Lie algebra valued parameters,
and using the equation
Here y a (x), ϕ ab (x), ρ (x) and τ ab (x) are space-time translations, translation in tensorial space, dilatation parameter, and the Lorentz transformation parameters respectively. Thus, the transformations of the curvatures under MW algebra are found as follows,
Taking covariant derivative of given curvatures, the corresponding Bianchi identities can be found as
where
Φ is the Lorentz-Weyl covariant derivative and w being the Weyl weight of the corresponding field. Construction of a Lagrangian based on MW algebra slightly different from those of the ordinary Maxwell algebra because, in this context, the variation of the metric tensor does not goes zero but satisfy δg µν (x) = 2ρ (x) g µν (x) where µ, ν = 0, ...,3 are space-time indices. For this reason, in order to write an invariant lagrangian, we need to introduce a compensating scalar field φ (x) [33] [34] [35] [36] [37] which has the transformation like δφ = −ρφ (more detail see [7] ). From this point of view, defining a shifted curvature as J ab = R ab + 2γφ 2 F ab one can write the following action,
where asteriks represents Hodge duality operation, κ, γ and λ are constants.
III. GAUGING THE MAXWELL-WEYL SUPERALGEBRA
In this section we consider gauge theory of the sMW algebra. The Weyl enlargement of the Maxwell superalgebra was firstly proposed in [18] with different notation. In our notation, the sMW algebra is given following form,
where Q α and Σ α are the fermionic generators where the spinor indices α, β, ... = 1, ..., 4, B is a central charge. Here the new additional fermionic generators Σ α were originally proposed by Green [38] and by the help of Σ α the (P, Q, Q) Jacobi identity is satisfied. The central charge B describes the off-shell extension of U (1) field strength multiplet in D = 4. If we remove B, which is mathematically optional, we get the minimal MaxwellWeyl superalgebra (for more detail see [18] ). For closure of this superalgebra we need to use the cyclic identities given as (Cγ e ) (αβ (Cγ e ) ρσ) = 0. All spinors given in this paper are characterized by Majorana formalism and satisfy generic relationQ = Q T C where C is the charge conjugation matrix.
To gauge this algebra we start from introducing a one-form connection A (x) as,
Considering the definition of gauge field Eq.(3) with respect to MW algebra, the Eq. (10) contains three additional gauge fields ψ α , ξ α , and A which correspond the gravitino field, the additional fermionic gauge field and gauge field of central charge B respectively. The variations of these fields under infinitesimal gauge transformation of sMW can be obtained by δA = −dζ + i [ζ, A] where ζ (x) is the Lie algebra valued auxiliary field which defined as,
From these definitions one can found transformation of the gauge fields as,
where D is the Lorentz-Weyl covariant derivative given in Section 2. In addition to Eq.(5), ε α (x), v α (x) and r (x) represent the parameters of Q α , Σ α and B respectively. To find the associated two-form curvatures of corresponding superalgebra, we use the well-known relation F = dA+ i 2
[A, A] where F represents curvatures which is defined as following form,
and the explicit form of the curvatures can be found as follows,
The curvatures have the following length dimensions [
Here, if we take F = 0 we naturally find the Maurer-Cartan equations for sMW. The infinitesimal gauge transformation of the curvatures under sMW group can be found by using the relation δF = i [ζ, F ] as,
Taking the covariant derivative of the curvatures, the Bianchi identities of corresponding curvatures can be obtained as,
IV. CONSTRUCTING D = 4, N = 1 SUPERGRAVITY ACTION
The Maxwell-Weyl superalgebra contains the Weyl transformations which can be defined as locally,
where ρ (x) is local scale parameter and w is the Weyl weight of Φ. Thus the variation of metric tensor satisfies δg µν (x) = 2ρ (x) g µν (x) under infinitesimal gauge transformations. This means that the Weyl weight of the metric tensor is w (g µν ) = 2, w (g µν ) = −2 and w ( √ −g) = 4. For this reason, the well-known action S = d 4 x √ −gR is not invariant under the Weyl transformations. To overcome this difficulty, as we discussed in Section 2, we introduce a scalar field φ (x) which have w (φ) = −1 and modify the action by using φ 2 R rather than R [7, 35] .
In our framework, according to Eq.(12), the Weyl weight of the gauge fields are w e a µ = 1, w B ab µ = 1, w (χ µ ) = 0, w ω ab µ = 0, w ψ α µ = 1/2, and w (A µ ) = 2, in addition to this, the corresponding curvatures have the same weights. In a very similar method [7, 13, 39] , we will establish a lagrangian by using only the curvature bilinears of sMW (more detail for supergravity including the local scale transformation see [40] [41] [42] ). We can write a free gravitational four-form lagrangian density as follows,
where κ is a constant. In addition to this lagrangian density, one can use following lagrangian for vacuum,
where λ is another constant, the first term represents Maxwell like kinetic term, the second corresponds kinetic term for the compensating scalar field and the last one is self interaction term of corresponding field. Finally the total action can be written as follows,
Now we make some calculation to simplify the free part of the action as,
where the term 4φ 2 Dξγ 5 ∧ Ψ can be expanded by using the Bianchi identity DΨ given in Eq.(17) and the relation γ 5 σ ab = i 2 ε abcd σ cd as follows,
Substituting Eq. (22) in Eq.(21) the free lagrangian density is reduced to following form,
where the first part of last action represents the Rarita-Schwinger term including scale transformation, the second is total derivative and the third one is an extra term. In order to make this action invariant under supersymmetry transformation, we consider the condition Dφ = 0 and the supertorsion F a = 0 then the action Eq.(23) reduces pure scale invariant supergravity action with boundary term. Here we can say that the Maxwell field B ab (x) contribute only the boundary term and do not effect the dynamics of the action. This result also shows that sMW algebra is an alternative way to construct the supergravity lagrangian with scale invariance. Finally, ignoring the boundary term and applying the condition Dφ = 0, the action Eq.(20) takes the following form,
The equations of motion can be found by taking variation of Eq.(24) with respect to gauge fields ω ab (x), e a (x), χ (x),ψ α (x) and φ α (x) respectively,
Taking Eq. (26) and transforming the indices from tangent space to word indices, one can show that the generalised Einstein field equation can be written as follows,
where,
V. CONCLUSION
In the present paper, we have presented an alternative way to obtain D = 4, N = 1 minimal supergravity lagrangian including scale transformations by using the Maxwell-Weyl superalgebra. We constructed the gauge theory of gravity based on sMW algebra. In this framework, we found the transformation of gauge fields, curvatures and the Bianchi identities of sMW algebra. The corresponding four-form lagrangian were constructed with bilinears of the curvatures. Our results can be seen as Weyl enlargement of the paper [13] and supersymmetric generalization of the results for gravity without cosmological constant [7] . According to Eq.(23), the Maxwell field B ab (x) appeared only in the boundary term. This result tells us that the additional field B ab (x) does not have a dynamical character, but the corresponding curvature F ab plays an essential role for constructing an invariant action. We can also say that analizing the boundary term is an open problem to find physical or geometrical properties of the Maxwell field.
Moreover, the condition Dφ = 0 may causes some physical results because when you write the condition as follows,
an exact relation is occurred between the scalar compensating field and the dilatation gauge field. This result can also be written as dχ = χ 2 so the curvature of dilatation transformation Eq.(15) takes the form as f = χ 2 . For this reason, some consequences of this condition is under investigation.
Finally, considering the results given in the papers [13-15, 21, 22] plus our findings will serve that the Maxwell superalgebras provide an effective geometric framework to construct supergravity lagrangians by using only its curvatures.
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VI. NOTATIONS AND CONVENTIONS
Here we summarize our notation and conventions in D = 4. The Dirac gamma matrices are defined with the well-known expression γ a , γ b = 2η ab where η ab is the (mostly minus) Minkowski metric and these matrices obey following relations,
where σ ab = −σ cd are O (3, 1) Lorentz generators and antisymmetrization is defined by
. Moreover we have,
γ c σ ab γ c = 0, σ ab γ c σ ab = 0,
σ ab σ cd σ ab = 0, ε abcd σ cd = −2iγ 5 σ ab .
In this work, we use the Majorana spinors which satisfyψ = ψ T C where C = γ 0 represents the charge conjugation matrix and satisfies following relations,
(Cγ a ) T = (Cγ a ) , (Cσ ab ) T = (Cσ ab ) , 
where the letter T denotes transpose of corresponding matrix. For the closure of the superalgebras, the following cyclic identities is needed,
(Cγ e ) (αβ (Cγ e ) ρσ) = 0.
The spinor variables satisfy following relations,
ψχ =χψ,ψχ =χψ, (47) ψγ a χ = −χγ a ψ,ψγ a ψ = 0, (48) ψσ ab χ = −χσ ab ψ,ψσ ab ψ = 0, (49) ψγ 5 γ a χ =χγ 5 γ a ψ,ψγ 5 χ =χγ 5 ψ.
If spinors have differential form structure we have to consider following relationships,
It is important to give the Fierz identities for our calculations. Considering a 1-form spinor ψ we have,
γ a ψ ∧ψ ∧ γ a ψ = σ ab ψ ∧ψ ∧ σ ab ψ = 0.
